We prove that the geometric intersection numbers between two proper 1-dimensional submanifolds satisfy a Cauchy type inequality expressed in terms of the Dehn-Thurston coordinate. As an application, we reestablish the fundamental results in the theory of measured laminations on surfaces.
Introduction.
1.1. We study the space of isotopy classes of 1-dimensional submanifolds in a surface in this paper. The subject was originated by Max Dehn in his 1938 paper [De] . In this work, Dehn laid the foundation for the studies of the mapping class group of a surface and the space of isotopy classes of 1-dimensional submanifolds in a surface. According to Dehn, the most important proper 1-dimensional submanifolds are the curve systems which have the property that no component of the submanifold is null homotopic or homotopic into the boundary of the surface by homotopies relative to the boundary. Dehn defined the arithmetic field of a surface Σ, denoted by CS(Σ), to be the set of all isotopy classes of curve systems. Dehn's main focus of study in [De] was the action of the mapping class group on the "arithmetic field" CS(Σ). In 1976, William Thurston independently rediscovered the space CS(Σ) and put one more vital ingredient into the study of "arithmetic field" CS(Σ). Namely, the geometric intersection numbers between two isotopy classes of 1-dimensional submanifolds. Recall that if α and β are isotopy classes of proper 1-dimensional submanifolds, then their geometric intersection number, denoted by I (α, β) , is the minimal number of intersections between their representatives, i.e., I(α, β) = min{|a ∩ b| : a ∈ α, b ∈ β}.
Thurston developed the theory of measured laminations which is a topological completion of the pair (CS(Σ), I) and used it to classify the elements in the mapping class group.
To study the arithmetic field CS(Σ) of the surface, Dehn introduced a parameterization of it (the Dehn-Thurston coordinate, see [PH] or §2 for a definition). The parameterization is an injective homogeneous map Π : CS(Σ) → (Z 2 /±) 3g+r−3 × Z r ≥0 where g is the genus of the surface and r ≥ 0 is the number of boundary component of the surface.
Our main result is a Cauchy inequality relating the geometric intersection number and the Dehn-Thurston coordinate. As an application, we shall reestablish some of the basic results in the theory of measured laminations from the inequality.
To state the main result, we need to introduce a natural metric on the space Z 2 /± = { [x, y] |x, y ∈ Z so that (x, y) and −(x, y) are identified }. We define the metric on the space Z 2 /± to be |[ 
Theorem. For a compact oriented surface Σ, the geometric intersection number satisfies the Cauchy inequality that

|I(α, β) − I(α, γ)| ≤ 3|Π(α)||Π(β) − Π(γ)| (1.1) for all α, β, γ ∈ CS(Σ). Here Π(α) is the Dehn-Thurston coordinate of α.
If the 3-holed sphere decomposition used in the definition of the DehnThurston coordinate contains only embedded 4-holed spheres, then
|I(α, β) − I(α, γ)| ≤ 2|Π(α)||Π(β) − Π(γ)| (1.2)
Furthermore, the inequality (1.2) is sharp.
Here by a 3-holed sphere decomposition containing only 4-holed spheres, we mean any two 3-holed spheres in the decomposition do not share more than one boundary components (see figure 5.1 (b), (c)). For these 3-holed sphere decompositions, the inequality (1.2) is sharp. Indeed, for the 4-holed sphere Σ 0,4 , if one takes α, β, and γ as shown in figure 1.1, then the inequality (1.2) becomes an equality. It is possible that inequality (1.1) is also sharp. However, we have not been able to find an example realizing the equality in (1.1).
We remark that in [Re] , using the theory of train-tracks, it is proved that the inequality |I(α, β) − I(α, γ)| ≤ K|Π(α)||Π(β) − Π(γ)| holds for three classes α, β and γ carried by a train-track and the constant K depends on the train track. 
1.2.
As an application, we shall reestablish some of the basic results in the theory of measured laminations which is a topological completion of the pair (CS(Σ), I). Thurston first observed that the pairing I : CS(Σ)×CS(Σ) → Z is similar to a non-degenerate bilinear form on a lattice in the sense that (1) for any α in CS(Σ) there is β in CS(Σ) so that I(α, β) = 0, and (2) I(α j , β k ) = jkI (α, β) where α j is the collection of j copies of α. In linear algebra, given a non-degenerate bilinear form on a lattice L of rank r, there is a canonical completion of the lattice to a Euclidean space so that the bilinear form extends naturally. The theory of measured laminations is the exact analogy. Define an embedding Θ of CS(Σ) to R CS(Σ) by sending α to the function Θ(α) = I(α, .), i.e., Θ(α)(β) = I (α, β) . Then the space of measured laminations ML(Σ) is defined to be the closure of Q ≥0 × Θ(CS(Σ)) in the product topology. The basic theorem in the theory of measured laminations is the following remarkable result which shows in particular that the geometric intersection numbers behave very well in dimension 2.
Theorem. ([Th1] , [Th2] , [Bo] ) For each compact orientable surface Σ of genus g with r many boundary components,
the intersection pairing I extends to a continuous homogeneous map from ML(Σ) × ML(Σ) to R, and (2) the space ML(Σ) is homeomorphic to the Euclidean space R 6g+r−3 × R r
≥0 .
See [Bo] , [FLP] , [HM] , [PH] and others for proofs. It will be shown in §6 that this result follows from theorem 1.1 and a fact that the twisting coordinate can be expressed as a universal function in terms of the geometric intersection numbers with a fixed set of simple loops (Prop. 4.4).
1.3. The paper is organized as follows. In §2, we recall the definition of Dehn-Thurston coordinate. We shall make an extensive use of a natural multiplicative structure on the space CS(Σ) to define the twisting coordinate.
In §3, we study the Dehn-Thurston coordinate and the multiplication of curve systems on the 3-holed sphere. The corresponding results for the 1-holed torus and the 4-holed sphere are proved in section §4. In §5, we prove theorem 1.1 and in §6, we derive the basic result on the space of measured laminations from theorem 1.1.
1.4. Acknowledgment. The work is supported in part by the NSF.
Dehn-Thurston Coordinate of Curve Systems.
We will define the Dehn-Thurston coordinate on CS(Σ) in this section. The Dehn-Thurston coordinate on surfaces with non-negative Euler number is very simple and will not be discussed here. Thus unless mentioned otherwise, we will always assume that the surface Σ is oriented with negative Euler number in this section. The basic ingredient to define the coordinate is a decomposition of the surface into hexagons (an H-decomposition). This will be defined in section 2.2. This section is organized as follows. In §2.1, we introduce the notations and conventions to be used in the paper. In §2.2, we recall the classification of the curve systems in the 3-holed sphere and introduce the concept of standard curve systems. In §2.3, we define the P-decomposition (pantsdecomposition) and H-decomposition (hexagonal-decomposition) of a surface. In §2.4, we recall a very useful multiplicative structure on the space CS(Σ) and list its basic properties. The Dehn-Thurston coordinate is defined in §2.5. There are some overlaps between the work of [PH] and ours in the approach to the Dehn-Thurston coordinate. The use of hexagonaldecomposition in this paper seems to be graphically easier to understand than that of [PH] .
2.1. We shall use the following notation and conventions. Let Σ g,r be the orientable compact surface of genus g with r ≥ 0 boundary components. The interior of a surface X will be denoted by int(X). If a surface X is oriented, then all its subsurfaces have the induced orientation. We will always draw oriented surface so that its orientation is the right-hand orientation in the front face. If s is a proper submanifold of a surface, we use N (s) to denote a small tubular neighborhood of s. The isotopy class of a submanifold s is denoted by [s] . If a, b are curve systems, we will also use I (a, b) (a, [b] ) to denote the intersection number I ([a] , [b] ). Two isotopy classes α and β in CS(Σ) are called disjoint if I(α, β) = 0. If I(α, β) = 0, we say α intersects β. If s is a component of a curve system a, we will call the isotopy class [s] a component of [a] . A parallel copy of a curve system a is a new curve system a isotopic to a so that a and a are disjoint and a ⊂ N (a). When a curve system a is written as a union a 1 ∪ ... ∪ a n , it is always understood that each a i is a union of components of a. Let 2Z be the set of all even numbers. The isotopic submanifolds a, b will be denoted by a ∼ = b.
A function f : R n → X where X admits an action of R >0 is called homogeneous if for all k ∈ R >0 , f (kx) = kf (x).
2.2. We begin with the classification of the curve systems on the 3-holed sphere Σ 0,3 . It is well known that the curve systems in Σ 0,3 are classified up to isotopy by their intersection numbers with the three boundary components. See for instance [FLP] . To be more precise, let the boundary components of the 3-holed sphere Σ 0,3 be ∂ 1 , ∂ 2 , ∂ 3 . Define a map Π :
Then the map Π is a bijection. This is the Dehn-Thurston coordinate for the 3-holed sphere. One can list the curve system with coordinate (x 1 , x 2 , x 3 ) as in figure 2.1(a).
An H-decomposition on the surface Σ 0,3 is a curve system b 1 ∪ b 2 ∪ b 3 whose Dehn-Thurston coordinate is (2, 2, 2) . We call the closure of each component of Σ 0,3 − b 1 ∪ b 2 ∪ b 3 a hexagon whose boundary consists of three edges in b 1 ∪ b 2 ∪ b 3 and the other three in ∂Σ 0,3 . We assume that b i is disjoint from ∂ i .
Fix an orientation on the surface Σ 0,3 and color one of the hexagons red. Then with respect to this colored H-decomposition of the oriented surface Σ 0,3 , each element α ∈ CS(Σ 0,3 ) has a standard representing curve system. Here a curve system is called standard if each component of it is standard. An arc a is standard if either it lies entirely in the red-hexagon or if ∂a ⊂ ∂ i , then ∂a is in the red-hexagon and |a∩(b 1 ∪b 2 ∪b 3 )| = 2 = |a∩(b i ∪b j )| so that the cyclic order of the sets (a ∩ ∂ i , a ∩ b i , a ∩ b j ) in the boundary of the redhexagon coincides with the induced orientation from the red-hexagon. For instance the standard representatives of the curve system with coordinate (x 1 , x 2 , x 3 ) are listed in figure 2.1(b).
2.3. Let CS 0 (Σ) ⊂ CS(Σ) be the subset consisting of isotopy classes of curve systems which contain no arc components. We call an ele-
) is a 3-holed sphere. In this case, the curve system p must have exactly 3g +r −3 many components. An H-decomposition of the surface is a pair ([p] ∩ b|, and (3) for each 3-holed sphere P bounded by components of p, (P, P ∩ b) is an H-decomposition of the 3-holed sphere. 
In this paper, we shall define Dehn-Thurston coordinate associated to colored H-decompositions which satisfy the condition that one can color the set of all hexagons in the decomposition into red and white so that there is exactly one red-hexagon in each 3-holed sphere and that red and white hexagons never share the same p-edges (recall that each hexagon has six edges either in p ∪ ∂Σ or in b.) 2.4. Let us recall the concept of multiplication of two curve systems in CS(Σ). See [Bo1] , [Lu] , and [Pa] . Given α and β in CS(Σ), take a ∈ α and b ∈ β so that |a ∩ b| = I(α, β). If α and β are disjoint, we define αβ to be [a ∪ b] . If I(α, β) > 0, then αβ is define to be the isotopy class of the 1-dimensional submanifold ab obtained by resolving all intersection points in a ∩ b from a to b. Here by the resolution from a to b we mean the following surgery. At each point p ∈ a ∪ b, fix any orientation on a. Then use the orientation of the surface to determine an orientation of b at p at p. Finally resolve the singularity at p according to the orientations on a and b. One checks easily that this is independent of the choice of orientation on a. See figure 2.2. It is shown in [Lu] that the 1-dimensional submanifold ab is still a curve system. Also if α is the isotopy class of a simple loop, then α I(α,β) β is the positive Dehn twist along α applied to β.
Here is an example illustrating the use of the multiplication. The basic properties of the multiplication are obtained in [Lu] and can be summarized in the following theorem. Since the paper [Lu] has not appeared in print, we present a proof of it in the appendix for completeness. 
Theorem. The multiplication CS(Σ)
Here we say three ordered elements α 1 , α 2 , α 3 ∈ CS(Σ) contain a positive triangle or a positive quadrilateral if the following condition is satisfied. Take a i ∈ α i so that |a i ∩ a j | = I(a i , a j ) and a 1 ∩ a 2 ∩ a 3 = ∅. There is a topological disc D which is the closure of a component of Σ − ∪ 3 i=1 a i so that the boundary ∂D is a union of three (resp. four) arcs c 1 , c 2 , c 3 (resp. 
For simplicity, let us use p 3g+r−3+j = ∂ j Σ. Then the i-th intersection coordinate x i is defined to be I(α, p i ) for 1 ≤ i ≤ 3g + 2r − 3. The definition of the i-th twisting coordinate t i for 1 ≤ i ≤ 3g + r − 3 is more complicated. By definition, if p i , p j and p k (two of them may be the same) bound a 3-holed sphere P in Σ, then x i + x j + x k is an even number. Thus by fixing x i points in the red-arc part of p i , we can construct a standard curve system on the 3-holed sphere with coordinate (x i , x j , x k ) having these fixed x m points in p m , (m = i, j, k) as end points. The union of all these standard curve systems produces a curve system s in Σ so that I(s, p i ) = x i . We call the curve system s standard and its isotopy class [s] the zero-twisting representative of α and denote it by α zt .
For simplicity, we shall use α n β to denote βα −n if n is a negative integer. For instance, example 2.4 concludes that a ∼ = c k b for some k ∈ Z. By the associativity and the inverse property of theorem 2.3, we have that α m (α n β) = α m+n β for all m, n ∈ Z if each components of α intersects β.
Lemma. Each α in CS(Σ) can be expressed uniquely as
where
Proof. By the classification of curve systems in the 3-holed sphere, we may choose small regular neighborhood
N (p i ) and a representative a of α so that (1) a and s coincide outside the neighborhood N and (2) a ∩ N and s ∩ N are curve systems in N having the same end points. Now for each index i, consider the curve systems a ∩ N (p i ) and s ∩ N (p i ). By example 2.4, we find an integer t i so that a ∩ N (p i ) is isotopic to p
by an isotopy which is the identity map on ∂N (p i ). To show that the numbers t i are unique, we use the triangle inequality in theorem 2.4. Suppose otherwise, then there exists α in CS(Σ) and a non-zero vector (t 1 , ...t 3g+r−3 ) ∈ Z 3g+r−3 so that
Let us separate the exponents t i into positive and negative parts. Say I + = {i|t i > 0} and I − = {i|t i < 0}. Then we have
Applying the above equation n times by multiplying Π i∈I+ [p
i ] from the right and use the associativity (theorem 2.4 (3)), we obtain
Without loss of generality, we assume that t 1 > 0. Choose a simple loop
Since this has to be true for all n, we obtained a contradiction. QED We call t i the i-th twisting coordinate of the Dehn-Thurston coordinate of α.
and is x i for i > 3g + r − 3. By definition, the space CS 0 (Σ) has zero i-th Dehn-Thurston coordinates for i ≥ 3g + r − 2.
Let us summarize what we have proved so far in the following proposition.
Proposition. The Dehn-Thurston coordinate is a homogeneous bijection
Proof. We have established all assertions except the homogeneity. Suppose 2.7. For applications, we have to consider a slightly refined version of curve systems and isotopies. Suppose Σ is a surface so that each boundary component of it contains a red interval. We say a curve system in Σ good if its boundary components are in the red intervals. The space of all isotopy classes of good curve systems where isotopies leave red interval invariant is denoted by CS g (Σ).
Note that there is a natural forgetful map F :
which is a surjection so that F (x) = F (y) if and only if these two good curve systems differ by some twists along the boundary components ∂ i of the surface, i.e., Note that the Dehn-Thurston coordinate of CS g (Σ) can be defined in the same way and is a homogeneous injection Π :
To be more precise, let us fix a colored H-decomposition of the surface so that the red-intervals in the boundary are exactly the intersection of the boundary with the red-hexagons. Then each good curve system in the surface is isotopic to a good curve system of the form
where p 3g+r−3+j = ∂ j is the j-th boundary component and α zt is the zerotwisting class. The only novelty in this case is that we can define the twisting coordinate of a good curve system with respect to each boundary component of the surface.
2.8. Main idea of the proof. We sketch the proof of the main theorem 1.1 in this subsection. For simplicity, we will focus on the proof of inequality (1.1). First of all, by homogeneity that I(α, β 2 ) = 2I(α, β) and π(β 2 ) = 2π(β), it suffices to prove (1.1) for classes β and γ so that π(β) = u and π(γ) = v are even vectors , i.e., all x i and t i coordinates of them are even integers. Now given any two even vectors u and v so that their distance |u−v| = 2n, there exists a sequence of n+1 even vectors
On the other hand, by proposition 2.5, each even vector u i is the image π(β i ) for some β i ∈ CS(Σ). Thus by elementary interpolation, it suffices to prove inequality (1.1) for classes β and γ so that π(β) and π(γ) are even vectors of distance two apart. This means that the Dehn-Thurston coordinates of β and γ are the same except at one x i -or t jcoordinate which differs by 2. In this case, we prove that β and γ are related by a multiplication by at most five simple loops β = δ 1 ...δ s γδ s+1 ...δ t where t ≤ 5 so that δ i 's are quite simple. In fact, these simple loops δ i 's satisfy the inequality that for all α ∈ CS(Σ),
Thus by the triangle inequality (theorem 2.4(6)),
More precisely if β and γ differ by 2 in a t j -th twisting coordinate and all other coordinates are the same, then by definition we have β = [p j ] t δ where
Thus inequality (1.1) follows easily in this case. The difficult case is the change of some x i -th intersection coordinate by 2. This will be the main focus of study in sections 3 and 4.
Computations on the 3-holed Sphere.
3.1. In this section, we will carry out the computation of the intersection number and the Dehn-Thurston coordinate of the multiplications of curve systems on the 3-holed sphere. The goal is to prove proposition 3.6 which shows that a change of intersection coordinate by 2 can be realized by multiplying with at most four simple loops and arcs of small Dehn-Thurston coordinates.
In the next section, similar calculation will be done for the 1-holed torus and the 4-holed sphere.
3.2. Let us fix a colored H-decomposition of the 3-holed sphere Σ 0,3 whose boundary components are ∂ 1 , ∂ 2 , ∂ 3 . Let R be the red-hexagon. We assume that the cyclic order of (∂ 1 ∩ R, ∂ 2 ∩ R, ∂ 3 ∩ R) coincides with the induced orientation on the boundary ∂R. We call R ∩ ∂ i the red arc in the boundary component. As a convention, in all figures, the red-hexagon is always drawn on the front face with the right-hand orientation.
Let us introduce some notations. Let a rs be a connected standard curve system (an arc) in Σ 0,3 so that it joins the ∂ r and ∂ s , i.e., I(a rs , ∂ k ) = δ rk + δ sk . Let b ii = ∂ I a ii be the multiplication of the curve systems ∂ i and a ii . We will always assume that the intersection numbers |a rs ∩ a uv | and |a rs ∩ b ii | are minimal within their isotopy classes. Note that |a ii ∩ a kk | = 2 and |a ii ∩ a jk | = 1 for i, j, k distinct, and all other intersection numbers are zero.
As a convention, we will always assume that when calculating the multiplication of two curve systems a, b on a surface, I(a, b) = |a ∩ b|.
3.3. We will find the explicit formula for the intersection number I(α, β) using the Dehn-Thurston coordinates of α, β in CS(Σ 0,3 ). To this end, given a curve system α in CS(Σ 0,3 ), let n rs (α) be the number of components of α which are [a rs ]. Since α = Π r,s [a nrs rs ] and the complete information on the intersections between a ij , a rs is known, one finds the following formula,
where the index set I = {(1, 2, 3), (2, 3, 1) , (3, 1, 2)}.
In particular we obtain, 2) and I(α, a 23 ) = n 11 (α). 
It remains to express the quantity n rs in terms of the Dehn-Thurston coordinate.
Lemma. There exist continuous homogeneous functions
Proof. Indeed, by symmetry, it suffices to write down the functions f 11 and f 23 . By figure 3.1 and the classification of curve systems on the 3-holed sphere, we see that
and
o t h e r w i s e One checks easily that f 11 and f 23 are continuous and homogeneous functions defined on R 3 . QED In particular, we see that in terms of the Dehn-Thurston coordinate x = (x 1 , x 2 , x 3 ), the intersection pairing on CS(Σ 0,3 ) is given by In particular, we see that in
). This extra twists along the boundary components is the main difficulty in proving theorem 1.1.
Below is the complete list of multiplications of α ∈ CS g (Σ 0,3 ) having zero twisting coordinate with [a rs ] so that I(α, a rs ) = 0. (The case that I(α, a rs ) = 0, the multiplication is the disjoint union.) The basic identities underlying the proposition are the following four: (2, 3, 1) , (3, 1, 2)}. See figure 3.2 for a verification.
)}. Then the following identities hold where isotopies leave red-arcs in the boundary components invariant. We assume that the index
Proof. The proof follows from the figures below. identity (1) identity (2) Note that the exponents of a ij 's in the above formula are governed by lemma 3.4. By combining lemma 3.4 with the associativity of the multipli-cations (theorem 2.4), this proposition gives the complete information about the multiplication between two classes in CS g (Σ 0,3 ). However, we do not know a simple expression like lemma 3.4 for the multiplication in CS g (Σ 0,3 ). For applications, we will need the following additional formulas. Recall
Corollary. Under the same assumption as in the proposition, the following identities hold.
(1) (a
Indeed, the corollary follows from theorem 2.4(4) and the identities in the previous proposition. Indeed, by theorem 2.4(4), if α intersects ∂ i and β = α∂ n i , then α = ∂ n i β. Thus in the corollary above, identity (1) follows from proposition 3.5(7); identity (2) follows from 3.5(8); identity (3) follows from 3.5(1); identity (4) follows from 3.5(1); identity (5) follows from 3.5(6); and identity (6) follows from 3.5(6).
The following proposition is the main result in the section. It shows that if the Dehn-Thurston coordinate is changed by 2, then the corresponding curve systems under go a multiplication by at most four simple curve systems of small Dehn-Thurston coordinates. (4)). Thus the result follows from proposition 3.5 (3), (5) and corollary 3.5(3) for (i, j, k) = (1, 2, 3) . The multiplication by ∂ s 1 b 11 follows from corollary 3.5(4),(6) and proposition 3.5(4). Finally part (2) follows from corollary 3.5 (1), (2) for (i, j, k) = (3, 1, 2).
Proposition. Suppose the Dehn-Thurston coordinate
((x 1 , 0), (x 2 , 0), (x 3 , 0)) is represented by γ ∈ CS g (Σ 0,3 ) where x i = I(γ, ∂ i ). Then,(1)
Calculations on the 1-holed Torus and the 4-holed Sphere.
4.1. The goal of this section is to show that the change of Dehn-Thurston coordinates can be achieved by multiplying curve systems by some simple loops on the 1-holed torus and the 4-holed sphere. To be more precise, given a curve system α ∈ CS g (Σ), if the i-th intersection coordinate of α is changed by 2, we will prove in this section that the change can be achieved by multiplying α by at most five simple loops whose Dehn-Thurston coordinates are small.
In the last part of this section, we prove that the i-th Dehn-Thurston coordinate can be expressed as a continuous homogeneous function on geometric intersection numbers with a fixed set of simple loops.
In this section, we take as our convention that all surfaces have a colored H-decomposition so that the red-hexagons are drawn on the front face with the right-hand orientation. The choice of the loop δ depends on the sign of the twisting coordinate To estimate the intersection number I(α, δ) + I(α, p 2 ) for any curve system α ∈ CS g (Σ 1,1 ), take a ∈ α so that a intersects b 2 , p 1 and p 2 minimally. Note that by the triangle inequality (theorem 2.4(6)) I(α, δ)
where a zt is a standard zero twisting representative of α zt , we see that Remark. The crucial fact that the intersection number of two standard zero-twisting curve systems in Σ 1,1 is equal to the intersection number of their restrictions to the 3-holed sphere is no longer valid for the 4-holed sphere. One needs a more careful analysis of the intersection number in the later case.
Take a colored H-decomposition ([p
) of the oriented 4-holed sphere Σ 0,4 whose boundary components are ∂ i for i = 2, 3, 2 , 3 . Let p i = ∂ i for i = 2, 3, 2 , 3 . See figure 1.1. (2) we assume that {i, j} = {2, 3} and {k, l} = {2 , 3 }, then ] where s ∈ {0, 1, 2} depending on the sign of the twisting coordinate t 1 (γ). Using theorem 2.4(4), we will show that the Dehn-Thurston coordinate of the class δ e γ for appropriate choices of e has the form ([
Proposition. Suppose that the Dehn-Thurston coordinate
The basic fact that we need is in the following lemma. 
Lemma. Suppose γ zt is a curve system in CS
The first point (2) , x 2 , x 3 ). Now the intersection number |c ∩ a 11 ∩ N (p 1 )| is the sum (x 1 − g + ) + (x 1 − g − ) where g ± is the number of points of c ∩ I ± which is between a 11 ∩ I ± in the interval I ± . See figure 4.5.
But by the construction of c and a 11 , g ± is exactly the number ( x 2 , x 3 ). This implies that formula (4.4) holds. The same argument shows that (4.5) holds.
Part (3) follows from part (2) 4) . Similarly, one shows that (4.7) follows from (4.5) and the fact that x 1 ≥ f 11 + f 13 . QED. It remains to show the inequality (4.1), we will consider δ = p s 1 b 11 where 2 ≥ s ≥ 0 for simplicity. The situation that δ = a 11 p s 1 is similar and the proof will be omitted.
First of all the intersection number
To estimate the first term I(α, δ), by the triangle inequality (theorem 2.4(6)) and inequality (4.7),
Combining with (4.8), we see that (4.1) holds.
To see the second inequality (4.2), we note that
Thus, it remains to prove that
Indeed, by the triangle inequality and inequality (4.7), we have
Combining with (4.9), we see that (4.2) holds.
If {i, j} = {2, 3} and {k, l} = {2 , 3 }, then due to the inequalities that |s 2 | + |s 3 | ≤ 2 and |s 2 | + |s 3 | ≤ 2, we see that (4.9) becomes
Combining (4.11) and (4.10), we see that inequality (4.3) holds. Now the situation for a 11 p s 1 where 2 ≥ s ≥ 0 is similar. We just replace all b 11 by a 11 in the above calculation. This ends the proof.
4.4. We now show that the i-th Dehn-Thurston coordinate [x i , t i ] is a continuous function of the intersection number functions. This is analogous to a non-trivial fact in the train-track approach to the space of measured laminations. Namely, given a good train-track T and an edge E in T , there exists a finite collection of simple loops s 1 , ..., s m and a continuous homogeneous function f so that for all curve systems α carried by T , the weight of α at the edge E is f (I(α, s 1 ), ..., I(α, s m ) ).
We shall use the same the notations as in §4.2 and §4.3.
Proposition. (1) There exists a continuous homogeneous function
(2) There exists a continuous homogeneous function f (x 1 , x 2 , x 3 , ...x 7 ) :
Corollary. The Dehn-Thurston coordinate on CS(Σ) can be extended to be a continuous homogeneous function from
ML(Σ) to (R 2 /±) 3g+r−3 × R r ≥0 .
Indeed, by the proposition, it suffices to show that for each α in CS(Σ), the intersection number function I(α, .) : CS(Σ) → R can be extended to be a continuous homogeneous function on ML(Σ). But this follows from the definition of the topology of ML(Σ).
Proof of the proposition. We will prove part (2) in detail. The same argument also applies to part (1).
Write α = p I(α zt , b 11 ). This shows that
Now by lemma 4.3(2), we can express explicitly that the intersection numbers I(α zt , x) for x = a 11 or b 11 in terms of continuous homogeneous functions in the coordinates x i ( i ∈ {1, 2, 3, 2 , 3 }), I(α, a 11 ), and I(α, b 11 ). This shows that [x 1 (α), t 1 (α)] can be expressed as a piecewise linear homogeneous function in seven variables x 1 , x 2 , x 3 , x 2 , x 3 , I(α, a 11 ) and I(α, b 11 ). One checks easily that the function is continuous. Thus the result follows.
Proof of Theorem 1.1.
Recall that Σ = Σ g,r is a compact oriented surface with a colored Hdecomposition and Π : CS(Σ) → (Z 2 /±) 3g+r−3 × Z ≥0 is the associated Dehn-Thurston coordinate. Our goal is to prove that
for all α, β and γ in CS(Σ) where K 2,3 = 2 if the 3-holed sphere decomposition contains only embedded 4-holed spheres and K 2,3 = 3 in the rest of the cases. First we note that inequality (5.1) is homogeneous in α, β and γ. Thus it suffices to show
We call an element α in CS(Σ) even if its Dehn-Thurston coordinate Π(α) = ([x 1 , t 1 ] , ...,[x 3g+r−3 , t 3g+r−3 ], x 3g+r−2 ,..., x 3g+2r−3 ) has the property that all x i and t j are even integers. Denote the set of all even classes in CS(Σ) by CS even and let Z even be { ([x 1 , t 1 ] , ...,[x 3g+r−3 , t 3g+r−3 ],x 3g+r−2 ,...,x 3g+2r−3 ) ∈ (Z 2 /±) 3g+r−3 × Z r ≥0 | all x i and t j are even}. Thus by proposition 2.5, the Dehn-Thurston coordinate Π is a bijection from CS even to Z even . Since α 2 is always in CS even , thus it suffices to prove the inequality (5.1) for all even classes α, β and γ. This will be the goal of the proof in the rest of the section. 5.1. We will use the following simple lemma.
The proof of it is evident from the definition of the metric. Indeed, by proposition 2.5 and lemma 5.1, for any two classes β, γ ∈ CS even so that |Π(β) − Π(γ)| = 2n, there exists a sequence of n + 1 even
5.3. It remains to prove the inequality (5.1) for even classes β and γ in CS even (Σ) so that |Π(β) − Π(γ)| = 2. Since they are both even vectors in Z even , their coordinates are the same except in one position which differs by 2. Thus either there is one i so that x i (β) = x i (γ) ± 2 or there is one index j so that t j (β) = t j (γ) ± 2 and all other coordinates are the same.
In the case t j (β) = t j (γ) ± 2, say t j (β) = t j (γ) + 2, then by the definition of twisting coordinate, we have β = [p 
In the case that |x i (β) − x i (γ)| = 2, we need to discuss two subcases that i ≤ 3g + r − 3 or i ≥ 3g + r − 2.
5.4. If |x i (β) − x i (γ)| = 2 so that i ≤ 3g + r − 3, say for simplicity that i = 1 and x 1 (β) = x 1 (γ)+2, let Σ be the 1-holed torus or the 4-holed sphere which is the component of Σ − ∪ j =1 int(N (p j )). Without loss of generality, let the boundary components of Σ be parallel to p i 2 , ..., p is where s = 2 or 5 and some i j may be i k but no three of these indices are the same. See figure 5.1. 
where e j ∈ {0, ±1, ±2} (note that if Σ ∼ = Σ 1,1 , we apply proposition 4.2 twice to get this form.) Furthermore for all α in CS(Σ), by the triangle inequality (theorem 2.4(6)) we obtain that
We claim that
To prove this, we need to discuss several cases.
Case (1), the boundary components of Σ are pairwise non-isotopic in the surface Σ, i.e., {p i 1 , ..., p is } are pairwise distinct. Then by propositions 4.2 and inequality (4.1),
Case (2), the surface Σ is the 4-holed sphere and {p i 2 , ..., p i 5 } consists of two elements. Let ∂Σ = ∂ 2 , ∂ 3 , ∂ 2 , ∂ 3 . Then {2, 3, 2 , 3 } is partitioned into a 2-element set {i, j} ∪ {k, l} according to the isotopy classes of ∂Σ in Σ. In particular, x i (α) = x j (α) and x k (α) = x l (α). Let s r be the index e t associated to the boundary component ∂ r = p it . Let x r = x r (α). Then we have,
If {i, j} = {2, 3} and {k, l} = {2 , 3 }, then we use inequality (4.3) and obtain I(α, δ) + I(α,
This shows that (5.3) holds.
Case (3), the surface Σ is a 4-holed sphere and the set {p i 2 , ..., p i 5 } consists of three elements. Say [∂ i 
If {i, j} = {2, 3} and {k, l} = {2 , 3 }, then we use inequality (4.3) and obtain 
This ends the proof.
The Space of Measured Laminations on Surfaces.
The goal of this section is to reestablish the basic results in the theory of measured laminations on surfaces from the Cauchy inequality. A crucial fact used in the proof is the corollary 4.4 that the i-th Dehn-Thurston coordinate [x i , t i ] is a continuous homogeneous function defined on the space ML(Σ) .
6.1. Given a compact oriented surface Σ = Σ g,r of negative Euler number, we fix a colored H-decomposition of it. We shall identify the space CS(Σ) with its image under Thurston's embedding Θ(CS(Σ)), and define I on the image Θ(CS(Σ)) by I(x, y) = I(Θ −1 (x), Θ −1 (y)). Extend the intersection pairing I to (Q ≥0 × Θ(CS(Σ))) 2 → Q by homogeneity. Let 
. Also the product topology on R
CS(Σ) ≥0
is metrizable and a metric can be chosen to be complete. In the following discussion, we shall fix a complete metric on the space R ΦΨ = id and ΨΦ = id. Thus by the continuity, ΦΨ = id and ΨΦ = id on the whole spaces (R 2 /±) 3g+r−3 × R r ≥0 and ML(Σ). This establishes the assertion that Dehn-Thurston coordinate Π is a homeomorphism from ML(Σ) to (R 2 /±) 3g+r−3 × R r ≥0 . Furthermore, the space of compactly supported measured laminations ML 0 (Σ) which is the closure of Q ≥0 × Θ(CS 0 (Σ)) is homeomorphic to R 6g+2n−6 × (0, .., 0) under the Dehn-Thurston coordinate. 6.4. Finally, we show that the intersection pairing I extends to a continuous homogeneous map from ML(Σ) ×ML(Σ) to R. By lemma 6.2, it suffices to show that for any Cauchy sequences {x n } and {y n } in Q ≥0 × Θ(CS(Σ)), the sequence I(x n , y n ) is convergent. Indeed, by the continuity of the DehnThurston map Π, both sequences Ψ(x n ) and Ψ(y n ) are convergent and in particular bounded, say by M . Thus, we have
This shows that I(x n , y n ) is still a Cauchy sequence. Thus by lemma 6.2, the pairing I extends continuously to the product space ML(Σ) × ML(Σ). We remark that by continuity, the inequality (6.1) still holds for all x, y, z ∈ ML(Σ).
Appendix: A Proof of Theorem 2.4.
We reproduce a proof of the basic property of the multiplication of curve systems in this appendix for completeness. We begin with the following lemma which shows that the multiplication is well defined. These 1-cells are chosen to be pairwise disjoint except at the end points. By the construction, if D is a disc, the graph G is homotopic to D since each region R i is a disc; if D is an annulus, the region R 0 is an annulus, thus the graph G is again homotopic to a disc. In both cases, G is a tree. Therefore either G is a point or G contains two 0-cells of valency one. However by the construction, each region R i (i ≥ 1) has at least four edges and thus corresponds to a 0-cell of valency at least two by the alternating principle. Thus the graph G must be a point. Therefore, there is only one region R 0 which has at most one vertex by the alternating principle. This contradicts the condition that |a ∩ b| = I(a, b). (b) Suppose the result is false, say that |ab ∩ c| > I (ab, c) . Then there is a disc D ⊂ Σ so that either (1) ∂D is a union of two arcs s and t with s ∩ t = ∂s = ∂t, s ⊂ c and t ⊂ ab, or (2) ∂D is a union of three arcs s, t, u so that each pair of arcs intersect at one end point and s ⊂ c, t ⊂ ab, and u ⊂ ∂Σ. By taking the inner most disc if necessary, we may assume that int ( Since each region R i is contractible, and D is also contractible, the graph G is a tree. Thus G is either a point or contains two vertices of valency one. Since each R i (i ≥ 1) corresponds to a vertex of valency at least 2 in the graph G, the graph G must be one point which corresponds to the region R 0 . Since R 0 has valency 1, by the definition of valency, this shows that the region R 0 must be a triangle or a quadrilateral in Σ − (a ∪ b ∪ c) . By exam the resolution, we see that R 0 must be one of the three types listed in figure A1 (a1) , (a2), and (a3) (the last type (a4) does not occur for the intersection |(ab) ∩ c| but it occurs for |a ∩ (bc)|.) This contradicts the none-existence of positive triangle or positive quadrilateral in the ordered set (a, b, c) . QED Now we come to the proof of theorem 2.4. To see part (4), take a ∈ α and let a be a parallel copy of a so that a ∩ a = ∅. Take b ∈ β so that it has minimal intersection with both a and a . figure A2 ). Thus the result follows. The first part of (2) follows from the definition. To see the second part, suppose otherwise that α ∈ CS 0 so that αβ = βα but I(α, β) > 0. We decompose α as a disjoint union α 1 α 2 where I(α 1 , β) = 0 and each component of α 2 intersects β. Now since α 1 is disjoint from both α 2 and β, we have β(α 1 α 2 ) = α 1 (βα 2 ) and αβ = α 1 (α 2 β). Thus, by αβ = βα, we obtain α 2 β = βα 2 . Since each component of α 2 intersects β, by property (4), β = α 2 (βα 2 ) = α 2 (α 2 β) = (α 2 ) 2 β where the last equality follows from property (3). Now by property (4) again, I(β, β) = I(β, (α 2 2 )β) = I(β, α 2 2 ) = 2I(β, α 2 ) = 0. This is a contradiction. To see property (6), the triangle inequality I(α, βγ) ≤ I(α, β) + I(α, γ) holds by the definition of the resolution. Furthermore, part (b) of the previous lemma says that the inequality I(α, βγ) ≤ I(α, β) + I(α, γ) becomes an equality if (α, β, γ) contains no positive triangles and positive quadri-
Lemma. (a) If
Theorem. The multiplication CS(Σ) × CS(Σ) → CS(Σ) sends CS
